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Fast Tensor Product Model Transformation for
Higher Dimensional Problems
Péter Baranyi, Zoltán Petres, László T. Kóczy, and Péter Várlaki

Abstract— Tensor Product (TP) model transformation method
was proposed recently as an automated gateway between a
class of non-linear models and linear matrix inequality based
control design. The core of the TP model transformation is the
higher order singular value decomposition of a large sized tensor,
which requires high computational power that is usually out of
a regular computer capacity in case of higher dimensionality.
This disadvantage restricts the applicability of the TP model
transformation method to linear parameter varying state-space
models with smaller number of state values. The aim of this paper
is to propose a modification of the TP model transformation. The
proposed version needs considerable less computational effort.
The paper also presents a 6 dimensional problem to show that the
execution of the original TP model transformation fails in higher
dimension, but the modified transformation leads to solution.
Index Terms— Non-linear control design, TP model transformation, parallel distributed compensation, linear matrix inequality

I. I NTRODUCTION
TP model transformation control design was proposed in recent papers [1], [2]. It is a numerical method capable of transforming given Linear Parameter Varying (LPV) state-space
models (where the parameter vector may contain elements
of the state vector as well) into a parameter varying convex
combination of linear time invariant (LTI) models, namely
to polytopic models. The convex combination is determined
in such a way that a set of linear matrix inequality (LMI)
control design theorems can immediately be applied to the
resulting polytopic model. Especially those LMIs which have
been developed under the Parallel Distributed Compensation
framework (PDC) [3]. Based on this TP model transformation
and PDC design concept the control solutions of complex
and benchmark problems were presented in papers [4]–[10]
and at the special session of IEEE Int. Conf. Fuzzy Systems 2004 [11]–[14] and at the IEEE Int. Conf. Intelligent
Engineering Systems [15]–[18]. The advantage of the TP
model transformation based control design framework is that it
can be automatically executed on a regular computer without
human interaction. The disadvantage is that the computational
load of the TP model transformation explodes easily with
the dimensionality of the control problem. The reason of the
computational explosion is that the core step of the transformation executes Higher Order Singular Value Decomposition
(HOSVD) on a large size multi dimensional tensor resulted by
the discretization of the given LPV model. The number of the
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dimensions of the tensor equals the number of the elements
of the parameter vector. If the number of these elements is
high (this practically means more than 4 or 5) then a regular
computer cannot execute the TP model transformation.
The aim of this paper is to relax the computational explosion
and to propose a modification of the TP model transformation. The original TP model transformation computes all the
singular values of the HOSVD. However, the resulting TP
model needs those singular values only, which determine the
weighting functions of the resulting polytopic model. The
number of the weighting functions is considerable less than
the number of all singular values of the discretized tensor
of the LPV model in practical cases. This implies that the
computation of all singular values is not necessary. The key
idea in the proposed modified TP model transformation is that
we restrict the computation of the HOSVD to the required
singular values only. In this case, however, we should further
transform the result to keep the accuracy of the next steps of
the TP model transformation.
The paper also present a numerical example with a dynamic model where the parameter vector has 6 elements.
The example shows that in this case the original TP model
transformation cannot be executed on a regular computer
because of its computational complexity. The example also
shows that the modified TP model transformation is, however,
executable.
The paper is organized as follows: Section 2 introduces the
notation and basic concepts being used later on. Section 3 is
devoted to introduce the computational complexity problem
of the TP model transformation. Section 4 presents the main
novelty of the paper, it proposes the modified TP model
transformation. Section 5 shows the effectiveness of the modified TP model transformation via a numerical example with
comparison to the original TP model transformation. Section
6 concludes the paper.
II. N OMENCLATURE AND BASIC CONCEPTS
This section is devoted to introduce the notations and basic
concepts being used in this paper.
• {a, b, . . .}: scalar values;
• {a, b, . . .}: vectors;
• {A, B, . . .}: matrices;
• {A , B , . . .}: tensors;
• RI1 ×I2 ×···×IN :vector space of real valued (I1 × I2 × · · · ×
IN )-tensors.
• Subscript defines lower order: for example, an element
of matrix A at row-column number i, j is symbolized as
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(A)i, j = ai, j . Systematically,
vector of A
 the ith column

is denoted as ai , i.e. A = a1 a2 · · · .
• (·)i, j,n , . . .: are indices;
• (·)I,J,N , . . .: index upper bound: for example: i = 1..I, j =
1..J, n = 1..N or in = 1..In .
• A+ : the pseudo inverse of matrix A.
• A(n) : n-mode matrix of tensor A ∈ RI1 ×I2 ×···×IN ;
• A ×n U: n-mode matrix-tensor product;
• A ⊗n Un : multiple product as A ×1 U1 ×2 U2 ×3 .. ×N UN ;
Detailed discussion of tensor notations and operations is
given in [19].
A. LPV model

[10], [15], [16], [18]. The type of the convex hull effects
the feasibility of the further LMI design see paper [6]. Note
that ε = 0 cannot be achieved with bounded In in general. In
this case the task is to minimize In at a given ε. However,
if S(p(t)) has the above tensor product structure then we
say that the finite element exact decomposition exist. The TP
model transformation determines the minimal number of the
LTI systems to a given ε or finds the exact finite element TP
model if exists, see Ref. [13], [20].
Note that the TP model 3 can always be simply given in
the widely adopted formulation of polytopic models:

 R


ẋ(t)
x(t)
≈ ∑ wr (p(t))Sr
.
(5)
y(t) ε r=1
u(t)

Consider the following linear parameter-varying state-space
model:
ẋ(t) = A(p(t))x(t) + B(p(t))u(t),
(1)

We arrange Si1 i2 ...iN in the sequence of r = 1..R = I1 ×I2 ×. . . IN
as Sr = Si1 i2 ...iN , and we define the multi-variable weighting
functions according to the sequence of r as:

y(t) = C(p(t))x(t) + D(p(t))u(t),

wr (p(t)) = ∏ wn,in (pn (t)).

with input u(t), output y(t) and state vector x(t). The system
matrix


A(p(t)) B(p(t))
S(p(t)) =
∈ RO×I
(2)
C(p(t)) D(p(t))

is a parameter-varying object, where p(t) ∈ Ω is time varying
N-dimensional parameter vector, and is an element of the
closed hypercube Ω = [a1 , b1 ] × [a2 , b2 ] × · · · × [aN , bN ] ⊂ RN .
p(t) can also include the elements of state-vector x(t), therefore (1) is considered in the class of nonlinear dynamic statespace models.
B. TP model

S(p(t)) can be approximated for any parameter p(t) as the
convex combination of LTI (Linear Time Invariant) system
matrices S. These matrices are also called vertex systems:




N
ẋ(t)
x(t)
≈ S ⊗ w (p (t))
,
(3)
y(t) ε n=1 n n
u(t)

where ε symbolizes the approximation error, and row vector
wn (pn ) ∈ RIn n = 1, . . . , N contains one variable weighting
functions wn,in (pn ), (in = 1..In ). Function wn,in (pn (t)) ∈ [0, 1]
is the in -th weighting function defined on the n-th dimension
of Ω, and pn (t) is the n-th element of vector p(t). In denotes
the number of the weighting functions used in the n-th
dimension of Ω. Note that the dimensions of Ω are respectively
assigned to the elements of the parameter vector p(t). The
(N + 2)-dimensional coefficient tensor S ∈ RI1 ×I2 ×···×IN ×O×I
is constructed from LTI vertex systems Si1 i2 ...iN ∈ RO×I . For
further details we refer to [1], [2], [5], [6]. The convexity is
ensured by the conditions:
In

∀n, pn (t) :

∑ wn, j (pn (t)) = 1,

(4)

j=1

∀n, in , pn (t) : wn,in (pn (t)) > 0.
Having the above TP model (3) the type of the convex hull
defined by the LTI systems Si1 i2 ...iN can readily be defined via
the type of the one variable weighting functions, see papers
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C. TP model transformation
The TP model transformation starts with the dynamic model
(1) and results in the TP model (3) over Ω [1], [2], [5], [6].
Note that the TP model transformation guarantees that the
resulting weighting functions satisfy (4) furthermore, beyond
convexity it guaranties tight convex hull that significantly
improves the feasibility of further LMI design. It is important
to emphasize here that, in order to start with the TP model
transformation, one needs an explicit model, such that the
system matrix S(p(t)) can be sampled for all possible values
of the parameters p(t) ∈ Ω. Whether these equations represent
a physical model, or are just the outcome of black-box
identification (e.g. neural net model) is irrelevant.
III. P ROBLEM STATEMENT
The TP model transformation is a numerical method and has
three key steps. The first step is the discretization (sampling)
of the given S(p(t)) over a dense hyper rectangular grid Θ
in the transformation space Ω. This step yields the discretized
systems in tensor SD (superscript "D" means "discretized"). In
order to loose minimal information during the discretization
we apply as dense grid Θ as possible. The second step extracts
the LTI vertex systems from the SD . This step is specialized to
find the minimal number of LTI vertex systems as the vertex
points of various types of convex hulls of the given system.
The types of the convex hulls are determined via further
transformation steps provided in the TP model transformation
framework [10], [15], [21], [22]. In this step the more dense Θ
we have the more proper convex hull can be generated. The
third step constructs the TP model based on the LTI vertex
systems obtained in the second step. It defines the continuous
weighting functions to the LTI vertex systems.
In conclusion, the more dense grid Θ is applied the more
proper convex hull can be generated. However, the second step
executes HOSVD on the tensor SD . The complexity (number
of elements) of SD equals the complexity (number of sampling
points) of the discretization grid Θ. The computational load
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of HOSVD explodes with the complexity of SD . Generating
the proper convex hull practically needs at least about 100
grid points by dimensions, see papers [4]–[9], [11], [15]–[18].
This leads to the fact that in the case of higher dimension (in
case of 4 dimensions the number of sampling points becomes
about 1004 ) the HOSVD cannot be executed on SD , because
its computational load becomes out of a regular computer
capacity. This fact enforces us to use as sparse grid Θ as
possible.
According to the above, we have two contradictory constraints to define the density of Θ. The first constrain enforces
us to use dense Θ to achieve a proper decomposition of S(p(t))
with fine convex hulls. The second constrain comes from the
easily exploding computational load of HOSVD.
This paper proposes a modification of the TP model transformation. This modification is based on the fact that in the
resulting TP model we expect only a few weighting functions
by dimensions based on the following two reasons. The first
reason is that we cannot apply more than a few weighting
functions (about up to 4-5) by dimensions, because of the
computational load of the further LMI based controller design
also explodes easily with the number of the resulting LTI
systems, and therefore we may not able to solve them. The
second reason is that a number of examples shows that [4]–
[9], [11], [16]–[18] a few weighting functions are enough by
dimensions to have exact or close to exact transformation.
This is especially typical, when we start form a mathematical
model. In conclusion, when we execute the HOSVD we do not
need to calculate all singular values (according to the above
example we do not need to calculate 100 singular values by
dimensions), but we must calculate the first few ones related
to the resulting weighting functions. The next section proposes
the modification of the TP model transformation based on this
idea.
IV. M ODIFICATION OF THE TP MODEL TRANSFORMATION
The key point of the modification is that we apply two
discretisation grid Θ and Γ. Θ is a sparse grid where upon
we discretize the S(p(t)) and generate SD,Θ . Superscript "Θ"
indicates that SD is the discretization over Θ. Then we execute
HOSVD on the "small-sized" SD,Θ to yield the minimal
number of LTI systems and do the approximation trade-off if
necessary. So, Θ is defined according to the maximum computational capacity available for HOSVD. After this we introduce
a new step capable of expanding the resulting decomposition
to the dense grid Γ without generating SD,Γ (that would be an
extremely huge tensor) and executing HOSVD on SD,Γ . Once
we have the decomposition over Γ then we can generate "fine"
convex hulls as in the original TP model transformation. The
last step generates the continuous weighting functions in the
same way as in the original TP model transformation.
A. The algorithm of the modified TP model transformation
Step 1) Discretization over a sparse grid Θ
Define the transformation space Ω as: p(t) ∈ Ω : [a1 , b1 ]×
[a2 , b2 ] × .. × [aN , bN ].

•

•

•

•

Define a hyper rectangular N-dimensional sparse grid
Θ by equidistantly located grid-lines: θn,hn = an +
bn −an
Hn −1 (hn − 1), hn = 1..Hn . The numbers of the grid lines
in the dimensions are Hn . Notice here that the Hn must
be larger or equal to the allowed maximum number of
weighting functions in each dimensions of the TP model
to be generated. The reason of this is that the Second step
can not generate more singular values than the size of the
discretised system. The number of weighting functions
are equal to the number of the remaining singular values
in each dimension.
Sample the given function S(p(t)) over the grid-points of
Θ:
O×I
,
SD,Θ
h1 ,h2 ,..,hN = S(ph1 ,h2 ,..,hN ) ∈ R

where ph1 ,h2 ,..,hN = θ1,h1 θ2,h2 .. θN,hN .
Store the discretized matrices SD,Θ
h1 ,h2 ,..,hN into the tensor
S D,Θ ∈ RH1 ×H2 ×..×HN ×O×I

Step 2) Approximation trade-off via HOSVD
In this step we execute HOSVD on the first N dimensions
of tensor S D,Θ . During performing the HOSVD we discard
all zero or small singular values σk and their corresponding
singular vectors in all dimensions like in the original TP model
transformation. Assume that we keep In singular values in
dimensions n = 1..N. As a result we have

S D,Θ ≈ S ⊗ UΘn .
δ

(6)

n

The error δ is bounded as:
2

Θ
D
δ = kS − S ⊗ Un kL2 ≤ ∑ σ2k .
n

(7)

k

The resulting tensor S , with the size of (I1 × I2 × .. × IN × O ×
I), where ∀n : In ≤ Hn , contains the first variant of the LTI
vertex systems, and is immediately substitutable into (3). The
size of Un is Hn × In .
Step 3) Increasing the grid density to Γ
This step expands the result of the second step to the dense
discretization grid Γ. Define a hyper rectangular dense grid Γ
n
by equidistantly located grid-lines: γn,mn = an + bMnn−a
−1 (mn − 1),
mn = 1..Mn . The numbers of the grid lines in the dimensions
are Mn . Define Mn in such a way that all grid points of Θ are
in Γ, namely Θ ∈ Γ.
The goal is to generate the HOSVD of S D,Γ as:

S D,Γ ≈ S ⊗ UΓn ,
ε

n

(8)

where the size of UΓn is Mn × In and the rows of the UΓn
are assigned to the grid-lines of Γ. We have ε = 0 if the
rank of S D,Γ is equal to maximum rank constrain In on
dimensions n = 1..N. If it has higher rank then we obtain
ε > 0. However, we do not have S D,Γ since its size and
especially the computational load of HOSVD would be out
of the regular computer capacity. Therefore, in order to avoid
the execution of HOSVD on S D,Γ we compute each rows of
UΓn one by one from S and S(p(t)). We determine the md -th
row (assigned to the grid line γd,md ) in matrix UΓd in such a
way that: let pk be fixed to one θk,hk of the the grid-lines in
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each dimensions k = 1..N, k 6= d of discretization grid Θ except
the d-th dimension as:
pk = θk,hk

k = 1..N,

k 6= d,

where hk ∈ {1, .., Hk } is arbitrarily selected. We may simply select hk = 1 in practical cases if there is no special reason. Then

we create vector p = θ1,h1 θ2,h2 ... γd,md ... θN,hN .
The new row uΓd,md of matrix UΓd is computed as:
 !+


S ⊗ uΘk,hk

uΓd,md = (S(p))(1)

k

Finally we have

S D,Θ ≈ S̄ ⊗ ŪΘn = S ⊗ UΘn .
δ

is
where superscript
denotes pseudo inverse, and
Θ
the hk -th row vector of Uk . The first mode matrix (S(p))(1)
of matrix S(p) is understood such that matrix S(p) ∈ RO×I
is considered as a three dimensional tensor S (p) ∈ R1×O×I ,
where the length of the first dimension is one. S(p)(1) practically means that the matrix S(p) is stored into one row vector
by placing the rows of S(p) next to each other, respectively,
see [19].
As result we have now a decomposition

S D,Γ ≈ S ⊗ UΓn ,
n

in which the matrices Un may not be the same as could
be resulted by HOSVD in (8), however we kept the In rank
constrain and yield the best approximation of the new rows
in Un in the sense of L2 norm. This is guaranteed by the use
of pseudo inverse. Note that if δ = 0 in (6) and S D,Γ has the
same rank as S D,Θ in each dimension then ε = 0, for instance
see the example in the next section.
Step 4) Generating different convex hulls
This step executes SN (Sum Normalization), NN (Non
Negativeness), and NO (Normality) or INO-RNO (InverseNO and Relaxed-NO) transformations [6], [10], [15], [21],
[22] according to the desired type of the convex hull. The
previous step results in UΓn . The goal is here to transform
matrices UΓn to ŪΓn , where the bar over matrix U means that the
matrix is SN, NN NO or other type according to the executed
transformation. Note that the Yam’s type SN transformation
[21], [22] needs the discarded singular values computed by
the HOSVD. Since we do not have the singular values of S D,Γ
we use transformation techniques proposed in papers [6] and
[15]. These techniques do not use any information about the
result of HOSVD, but matrices UΓ only. As a matter of fact
when we transform matrices UΓn to ŪΓn then we must modify
S to S̄ accordingly, in order to keep:

S ⊗ UΓn = S̄ ⊗ ŪΓn ,
n

n

n

then

S D,Γ ≈ S̄ ⊗ ŪΓn = S ⊗ UΓn .

(n)

uΘ
k,hk

n

n

,

"(·)+ "

ε

then ŪΘ
n will also be SN, NN, NO, RNO or INO-RNO type,
respectively). Thus, the tensor S̄ can be computed by:
 +
S̄ = S D,Θ ⊗ ŪΘn .

ε

n

n

Step 5) Generating the continuous weighting functions
This step is equivalent with the last step of the original TP
model transformation. It results in the continuous weighting
functions such as:
N

S(p(t)) ≈ S̄ ⊗ wn (pn (t)),

Step 6) Checking the accuracy of the resulting TP model
Finally we numerically check the accuracy of the resulting
TP model over a huge number of points in Ω. We also check
the SN, NN, NO, RNO and INO-RNO type of the weighting
functions via numerical computation. In the case of exact
transformation the best error we can achieve is about in the
range of 10−13 that is caused by the numerical computation
of the HOSVD.

B. Evaluation of the calculation complexity reduction
In this subsection we compare the computational complexity
of the original and the modified TP model transformation.
Since the computation problem is caused by the computational
explosion of the HOSVD, we focus attention on the number
of elements in S D in both cases.
The original TP model transformation executes HOSVD
on S D with the size of M1 × M2 × MN × O × I. The number
of elements of S D is OI ∏Nn=1 Mn . In practical cases Mn is
about 100, see papers [4]–[9], [11]. The modified TP model
transformation executes HOSVD on S D with the size of
H1 × H2 × HN × O × I, where Hn is about 2 − 5.
In higher dimension even the discretization step of the
original TP model transformation fails, since the size of S D
requires memory array that is out of a regular computer.
The next section gives a 6 dimensional example when the
original TP model transformation cannot be applied because
of the extremely huge computational requirement, however the
modified TP model transformation can easily be executed.

S̄ could be readily computed form a S D,Γ as:
S̄ = S D,Γ ⊗ ŪΓn
n

+

,

however, as mentioned we do not have S D,Γ , but we have
S D,Θ . Therefore, let us select those rows of ŪΓn which are also
assigned to the sparse grid Θ and then store into matrix ŪΘ
n
(note that if ŪΓn is SN, NN, NO, RNO or INO-RNO type

(9)

n=1

V. A 6

DIMENSIONAL NUMERICAL EXAMPLE

A. Numerical example
Consider the following dynamic model:
ẋ = S(p)x,
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where

s1,1
 2

 2

S(p) = 
 x2
 4

 1
0
s1,1

=

s1,5

=

s3,4

=

s6,6

=

2
3 + x23

2
3
0

0
1
S3,4

s1,5
0
0

3

0

1+x33
1−x32

0

2
2

0.5
0

4
4

5
0

x4 ∗sin(x3 )
cos(x3 )2

x1 + x12 + x13 + x14
3 + x52 + x54
3 cos(x2 ) sin(x2 )2
x63 + x62
+ x64 cos(x6 ) + 4
1 − sin(x6 )

0
2
3







 (10)
0 


0 

s6,6

(11)

a next step we execute Step 4 and generate SN, NN and NO
type weighting functions like in the case of original TP model
transformation. By Step 5 we can generate the continuous
weighting functions see Figure 3
We can conclude form the above example that the original
TP model transformation cannot be applied in case of 6 dimensional problem because of its heavy computational load. The
modified TP model transformation, however, can be executed
on a regular PC and in the present example it yields an exact
TP model.

(12)
(13)
(14)

Observe that the above system matrix S(p) non-linearly
depends on all elements of the state vector x ∈ R6 . This
means that N = 6 and p = x. Let the transformation space
be Ω : [a1 , b1 ] × [a2 , b2 ] × .. × [aN , bN ], where ∀n : an = −0.5
and ∀n : bn = −an . First we apply the original TP model
transformation and we define 129 grid lines on each dimension
for discretization. The discretization result in S D whose number of elements is 36 · 1296 . A regular software (for instance
MATLAB) and a computer cannot store such a large tensor S D ,
and even in case we have a huge memory storage we cannot
execute HOSVD on this tensor. In conclusion the original TP
model transformation cannot be executed in the present case.
Let us apply the modified TP model transformation. We use
the same Ω and we require the same grid density with 129
grid-lines on each dimension. First we define the sparse discretization grid. Here we have to consider two constrains. The
first one is that the HOSVD (in MATLAB) can be executed
when the number of grid-lines by dimensions are about 3 in the
present 6 dimensional case. The second restriction is that the
computational load of LMI solver (to be executed in the case
of controller design) explodes easily. Therefore, we restrict
the computation of the TP model transformation to yield
3 weighting functions by dimensions, that means maximum
36 = 729 LTI systems. Thus, we define discretization grid Θ as
∀n : Hn = 3. The discretization results in S D,Θ whose number
of elements is only 36 · 36 . When we execute HOSVD then
we see the rank of S D,Θ by dimensions respectively are 2, 3,
3, 3, 2, 2. Hence, the sizes of the resulting Un , n = 1..N are:
3 × 2, 3 × 3, 3 × 3, 3 × 3, 3 × 2 and 3 × 2. The size of S is
2 × 3 × 3 × 3 × 2 × 2 × 6 × 6. Figure 1 depicts the values of the
columns of Un (assigned to the discretization grid-lines) as the
points of the discretized weighting functions. For visualization
we connected the points by straight lines.
For Step 3 we define the dense grid Γ with 129 grid-lines on
each dimension. The resulting weighting functions, disretized
over 129 points, are depicted on Figure 2.
If we execute Step 5 directly here then we can generate
the continuous weighting functions and check the error here
numerically between the original and the resulting TP model
over huge number of points. We find that the error is in the
range of 10−13 that comes from the numerical computation
of HOSVD. In conclusion we can say that the resulting TP
model is exact and it includes minimum 216 LTI systems. As

B. Further comparison to the original TP model transformation
In order to compare the original and the modified TP
model transformation we executed the modified TP model
transformation on the dynamic models examined in papers
[4]–[9], [11], [16]–[18] where the original TP model transformation was applied. We concluded that in all these cases both
transformations resulted in numerically equivalent solutions.
This came from the fact that in all these cases the exact TP
model representation exists.
VI. C ONCLUSION
This paper proposes a modified TP model transformation
that requires considerable less computational effort than the
original TP model transformation. The paper shows via a
numerical example that the modified transformation is executable in higher dimensional cases while the original TP
model transformation fails. The key idea of the computational
complexity reduction is that the modified version uses a
sparse grid (that fits the maximum available computational
capacity for HOSVD) for discretization and the complexity
trade-off, and expands the result to a significantly more dense
discretization, in order to determining various types of convex
hulls. Having this relaxed computational requirement we can
significantly extend the applicability of the TP model transformation based control design framework for models with
higher dimensionality.
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